Projectors are a simple but powerful tool for manipulating and probing quantum systems. For instance, projecting two-qubit systems onto maximally entangled states can enable quantum teleportation. While such projectors have been extensively studied, partially-entangling measurements have been largely overlooked, especially experimentally, despite their important role in quantum foundations and quantum information. Here, we propose a way to project two polarized photons onto any state with a single experimental setup. Our scheme does not require optical non-linearities or additional photons. Instead, the entangling operation is provided by Hong-Ou-Mandel interference and post-selection. The efficiency of the scheme is between 50% and 100%, depending on the projector. We perform an experimental demonstration and reconstruct the operator describing our measurement using detector tomography. Finally, we flip the usual role of measurement and state in Hardy's test by performing a partially-entangling projector on separable states. The results verify the entangling nature of our measurement with six standard deviations of confidence.
I. INTRODUCTION
In quantum physics, measurements are used for both controlling and probing quantum systems. The simplest measurement has two possible outcomes, 1 or 0, and is described by an operator P having a single eigenstate |ψ with a non-zero eigenvalue, i.e. a projector P = |ψ ψ|. Despite their simplicity, projectors are the archetypal measurement in many quantum information processing tasks such as secure key distribution [1] , state estimation [2] , and testing Bell's inequalities [3, 4] . Usually, it is experimentally easy to project a single qubit onto any state. In the case of a photon's polarization, a combination of quarter-wave plate and polarizer can achieve any projector. However, quantum information processing aims to leverage the resources that emerge in multi-photon systems, especially entanglement. Projecting multi-photon systems onto maximally entangled states can enable optical quantum computing and communication protocols, including quantum logic gates [5] [6] [7] [8] and quantum teleportation [9] .
Much less studied are partially-entangling projectors. Some work has shown that these outperform ideal Bell measurements in realistic models of quantum teleportation protocols [10] [11] [12] [13] . In quantum metrology, a seminal paper showed that partially-entangling measurements can optimally extract information from a finite number of copies of a system [14] . Such a collective measurement has been realized recently and provided a metrological advantage in state estimation [15] . Moreover, partially entangled states are central to Hardy's test which demonstrates the incompatibility of quantum mechanics with local realism in an easily comprehensible manner and without the need of an inequality [16] [17] [18] . * guillaume.thekkadath@physics.ox.ac.uk
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FIG. 1. Schematic sketch of the scheme. The input system is two polarized photons in spatial modes a and b. The projector works probabilistically by post-selecting on cases when each photon exits the 50:50 beam splitter (BS) into separate modes. Any projector can be measured by choosing the appropriate unitaries (Ua and U b ), and transmission amplitudes (tH , tV ) in each variable partially-polarizing BS (VPPBS).
All these applications motivate the need for a single measurement device capable of projecting a two-qubit system onto any desired state. In principle, this could be achieved using a CNOT gate combined with local operations on each qubit [19] . Although the CNOT gate has been realized experimentally with two-photon polarization states [6] , this approach is neither the simplest nor the most efficient. Other proposed schemes require complications such as ancilla photons [20, 21] . Here, we propose and experimentally demonstrate a straightforward scheme for measuring the projector P = |ψ ψ| where
(1) is a general two-photon polarization state (a and b label two spatial modes, H is horizontally polarized, and V is vertically polarized).
II. THEORY
The scheme is shown schematically in Fig. 1 . It consists only of linear optical elements, such as wave plates and beam splitters, and does not require ancillas. In general, the state |ψ that we wish to project onto may be entangled and thus our scheme needs an entangling operation. Due to poor photon-photon interactions, a deterministic entangling operation would require optical non-linearities or a complicated combination of ancillas and linear optical elements [22] . Taking inspiration from previous demonstrations of probabilistic quantum logic gates [5] [6] [7] [8] , our entangling operation is provided by Hong-Ou-Mandel interference at a beam splitter (BS) along with post-selection. This is well studied in the context of Bell measurements where postselection on two anti-bunched photons after a BS is used to project onto the maximally entangled anti-symmetric state [9, 23] . By adding local unitaries (i.e. wave plates) before and after the BS, one can project onto any maximally entangled state. However, in order to be able to project onto partially entangled states, local unitaries do not suffice since these cannot decrease the entanglement of the projected state. Instead, we induce controllable polarization-dependent loss in one of the modes before and after the BS which imbalances the Hong-Ou-Mandel interference effect. This loss is achieved by a variable partially-polarizing BS, which we now describe in detail.
A polarizing BS completely separates horizontal (H) and vertical (V ) light into separate spatial modes. A more general operation can be achieved by allowing the splitting ratios for H and V to be independent and tunable. Previous works used such partially-polarizing BSs in probabilistic quantum logic gates [5] [6] [7] [8] . However, in those experiments, the BSs had fixed splitting ratios. Here we consider a device where the splitting ratios can be tuned, i.e. a variable partially-polarizing beam splitter (VPPBS) [24] , so that any projector can be implemented in a single setup. A VPPBS acting on mode a is described by the following transformation:
where a † j |0 = |j a is a creation operator, r is the reflected mode, and t j ∈ [0, 1] with j = H, V are independently tunable real transmission amplitudes for H and V polarized light, respectively. By ignoring the reflected mode of the VPPBS, we can induce polarizationdependent loss in mode a. In the two-photon basis
, the transformation W describing a VPPBS in mode a and the identity operator in mode b is:
We assumed that both t H and t V are real, but we note that there could be a non-zero relative phase δ between the two in a physical realization of the VPPBS. After the VPPBS, both photons impinge onto different ports of a non-polarizing 50:50 BS. The photons are assumed to have the same spatial distribution and arrive at the BS at the same time. As such, if the two photons are in a symmetric polarization state (i.e. their combined state is unchanged when the modes of both photons are swapped), they always leave the BS from the same port due to Hong-Ou-Mandel interference [23] . Hence, by post-selecting on cases where the photons exit the BS from different ports, we project onto the antisymmetric singlet state |s = (|H a V b − |V a H b )/ √ 2:
where the matrix is written in the same basis as Eq. 3. Finally, a second VPPBS, with the same transmission amplitudes as the first one, is placed in mode a after the 50:50 BS. The result of the entire sequence can be found by multiplying the three transformations in the correct order:
where
is the VPPBS splitting ratio, and η is an efficiency factor that we discuss later. We derive the same result using second quantization in Appendix A. The quantity |γ| sets the degree of entanglement (i.e. concurrence) C of |ψ since C(ψ) = 1 − γ 2 [25] . When γ = 0 (|γ| = 1), the state is maximally entangled (separable).
Any state |ψ with a degree of entanglement set by |γ| will have the same coefficients as |ψ when written in its Schmidt basis. One can apply local unitaries U a in mode a and U b in mode b to transform |ψ from its Schmidt basis to the {|H , |V } basis, that is: |ψ = U a U b |ψ . Thus, the remaining step to achieve the most general projector |ψ ψ| (see Eq. 1) is to make the transformations U a U b before the first VPPBS and U † a U † b after the second VPPBS. These can be accomplished with a quarter-wave plate and a half-wave plate in each mode, as well as a birefringent element to control the phase δ between t H and t V (see Appendix B) [26] . In that case, our scheme involves four wave plates angles (the angles for U † a and U † b are fixed by those used for U a and U b , respectively), the phase δ, and the VPPBS splitting ratio γ. All together, these comprise six degrees of freedom which is the same number as in a pure two-photon polarization state.
A successful projection is heralded by the presence of a photon in modes a and b. For an input state |φ in , this occurs with probability
is the ideal probability of a successful projection, we can treat η = (t 
In both cases, note that the efficiency
is independent of the input state but depends on the degree of entanglement C of the projector being performed. This is because post-selecting on anti-bunching after the 50:50 BS is an efficient way to project onto maximally entangled states (C = 1, η = 1) but not onto separable states (C = 0, η = 1/2). While the latter can be achieved with unit efficiency using a simpler setup consisting of wave plates and polarizers, we stress the fact that our scheme is far more general. The measurement device presented thus far is nondestructive since the two photons are in the state |ψ whenever they exit the device from separate modes. More generally, quantum measurements do not necessarily leave the measured system in an eigenstate of the measurement operator. For example, a VPPBS in mode a followed by a 50:50 BS and post-selection on antibunching implements the transformation Mψ = |s s| × VPPBS(t H , t V ) = η 1/2 |s ψ |. Applied to some state |φ in , Mψ projects the system onto the state |s with a probability η φ in |ψ 2 . The measurement enacted by the transformation Mψ can be described using the projector operator valued measure (POVM) formalism, in which case the measurement operator is the POVM ele-
. This operator looks the same as the projector in Eq. 5 with the distinction that the measurement device leaves the system in the state |s rather than |ψ . As before, this measurement can be generalized to an arbitrary state |ψ by adding the appropriate local unitaries U a U b before the VPPBS, i.e. M ψ = η 1/2 |s ψ | U a U b where |ψ = U a U b |ψ . Thus, the projector P = |ψ ψ| can be achieved with a simpler experimental setup if it is not a requirement that the photons be in the state |ψ after the measurement.
There are many scenarios in which the postmeasurement state of the system is not of importance. Perhaps the most obvious one is if two polarizationinsensitive detectors are placed after the 50:50 BS, one in mode a and the other in mode b. Then, the coincidence rate of both detectors is proportional to the expectation value φ in |Π|φ in . By varying |φ in and keeping Π fixed, the measurement operator Π can be reconstructed using a technique known as detector tomography [28, 29] . We demonstrate this idea experimentally in the next section.
III. EXPERIMENT
The experimental setup is shown in Fig. 2a . A 404-nm-wavelength diode laser pumps a type-II β-barium borate crystal with 40 mW of power. Through spontaneous parametric down-conversion, pairs of 808-nmwavelength photons with orthogonal polarization are generated collinearly with the pump laser. The latter is then blocked by a long pass filter. The photon pair splits at a PBS into modes a and b. A pair of quarter-wave and halfwave plates (QWP and HWP) in each mode is used to define the input state |φ in (henceforth, U a = U b = 1).
Photons in path a are sent into a VPPBS which we describe below. The exit of the VPPBS and path b are then coupled into a single-mode-fiber non-polarizing 50:50 BS. A delay stage ensures that paths a and b have equal length such that the two photons can interfere. We precompensate for any polarization transformations in the fiber BS using an additional QWP and HWP pair in mode b. Finally, we measure the coincidence rate at the exit of the fiber BS using single-photon avalanche photodiodes (Excelitas SPCM-AQRH-24-FC).
The VPPBS (see Fig. 2b ) consists of a displaced Sagnac interferometer which benefits from passive phase stability. The probability amplitude that the photon exits into mode a depends on the relative phase between both paths in the interferometer. We adjust this relative phase for both H and V polarizations independently by introducing two phase shifters in the interferometer, one for each polarization. These phase shifters are birefringent liquid crystal cells with their optical axis aligned with either H or V . Depending on the AC voltage applied to these liquid crystal cells, we can directly control the transmission probabilities T H and T V , as shown in Fig. 2c . We observed a voltage-dependent phase δ between t H and t V , i.e. t H = √ T H and t V = √ T V e iδ . Due to limited interference visibility in the Sagnac interferometer (∼ 93 %), we can vary T H ∈ [0.03, 0.95] and T V ∈ [0.02, 0.84]. This limits the range of projectors we can achieve experimentally, but does not affect their quality.
A. Detector tomography
Detector tomography [28, 29] is the ideal tool to verify that our experimental setup performs the desired measurement. We treat our setup as an unknown measurement device and probe it by determining φ in |Π|φ in for sixteen different input states,
where |D = (|H +|V )/ √ 2 and |R = (|H +i |V )/ √ 2. The resulting counts are processed by a maximumlikelihood algorithm to reconstruct the closest matching positive and Hermitian operator Π exp .
To demonstrate that various projectors can be achieved, we scan the VPPBS splitting ratio γ by varying the voltage applied to the liquid crystal cell controlling T H and fixing T V = 0.458. For each voltage step, we perform detector tomography and expect to reconstruct the operator Π = η |ψ ψ |. However, both the efficiency η and the projector |ψ ψ | depend on γ and thus the voltage. To distinguish between the two varying quantities, we normalize out η from Π, i.e. Π th = |ψ ψ |. Various . 2 . Experimental details. The experimental setup is shown in (a). The variable partially-polarizing beam splitter (VPPBS) is realized using the displaced Sagnac interferometer shown in (b). The phase between both paths in the interferometer is adjusted for both H (ϕH ) and V (ϕV ) polarizations independently using birefringent liquid crystals. In c), we plot the VPPBS transmission probability TH (black line) and TV (grey line) measured when the input photon is H and V polarized, respectively, as a function of the voltage applied to the liquid crystal. As is common for such devices, the relation between voltage and retardance ϕH and ϕV is not linear. BBO: β-barium borate, LP: long pass, (P)BS: (polarizing) beam splitter, (Q/H)WP: (quarter/half) wave plate, APD: avalanche photodiode. matrix elements of the reconstructed Π exp are shown in Fig. 3 . Since the phase δ also varies with voltage, for clarity, we plot −| H a V b |Π exp |V a H b | so that the magnitude of this element can be compared to theory when δ = 0. The elements not plotted are nearly zero ( 0.035), as expected. Also not shown is
VPPBS(t H ,t V
The bold lines are the expected values for the matrix elements of Π th calculated using the measured transmission T H (shown in Fig. 2c ) and fixing T V = 0.458. We compute the fidelity F = Tr( Π exp Π th Π exp ) 1/2 for each voltage step. Overall, we find an average of F = 0.95 with standard deviation 0.02, which suggests that there is good agreement between experiment and theory.
As can be seen in Fig. 3 , our scheme enables us to control the matrix elements of Π exp . In particular, we can control the degree of entanglement of the projected state. To quantify this, we compute the concurrence C of the reconstructed matrices Π exp and find that we can vary C ∈ [0.13, 0.85]. The lower bound of C is limited by the range over which we can vary the transmission probabilities T H and T V , which in turn is limited by the interference visibility in our Sagnac interferometer (∼ 93%). This could be improved by using a different approach to implement the VPPBS, as discussed in Ref. [24] . The upper bound of C is limited by the visibility of the quantum interference at the 50:50 BS (∼ 90%). In the next section, we describe the use of our setup to perform a partiallyentangling projector that is of foundational importance for quantum mechanics.
B. Hardy's test
The violation of Bell's inequalities is the most convincing evidence that quantum mechanics cannot be described by a local realist hidden variable theory. Unfortunately, the derivation of the inequality is rather complicated and requires a number of involved logical steps before arriving at the final result [3, 4] . A more straightforward manifestation of the incompatibility of quantum mechanics with local realism is Hardy's test [16, 30] . The arguments, which we outline below, are based on intuitive notions of joint probabilities that can be understood by the layman [31] . Both Bell's and Hardy's tests require performing joint measurements on two entangled and space-like separated particles. Here we implement a "reversed" Hardy test by performing a partially-entangling projector on particles in separable states. That is, we flip the usual role of measurement and state in Bell's and Hardy's test since entanglement is used as a resource in the measurement rather than in the state preparation. Our measurement cannot, even in principle, be space-like separated. As such, although we measure the same joint probabilities as in Hardy's test, we cannot exclude the existence of local realism. Instead, a "reversed" test such as ours can certify the entangling nature of the measurement, which is necessary for protocols such as entanglement swapping [32] Table I. or measurement-device-independent quantum key distribution [33] .
Suppose Alice sends the separable state |φ in = |θ 1a , θ 2b where |θ i = cos θ i |H + sin θ i |V (i = 1, 2) into a black box concealing our measurement device and measures coincidences at its output. Since our device performs the projector η |ψ ψ |, the probability that Alice obtains coincidences is P (θ 1 , θ 2 ) = η θ 1a , θ 2b |ψ 
. If Alice prepares these three states and measures no coincidences, she can infer that P (β, −β ⊥ ) = 0 for the following reasons. Alice realizes that the conditional probability of measuring coincidences when photon b is −α ⊥ -polarized given photon a is β-polarized is P (β, −α ⊥ )/(P (β, −α) + P (β, −α ⊥ )) = 1 (the denominator is the coincidence probability when photon a is β-polarized). Similarly, the conditional probability of measuring coincidences when photon a is α-polarized given photon
Since Alice observes that P (α, −α ⊥ ) = 0, in light of the previous statements, she concludes that she should measure P (β, −β ⊥ ) = 0. To her surprise, Alice in fact measures P (β, −β ⊥ ) > 0. By choosing γ = 0.645 (C = 0.764), P (β, −β ⊥ ) is maximized while the other three joint probabilities still vanish, meaning a partially-entangling projector is optimal for Hardy's test. In Fig. 4 , we plot the coincidence rate as a function of the delay between the photons in modes a and b. When the delay is zero, we implement the projector η |ψ ψ | (we set δ = 0 by tilting a wave-plate about its axis). Due to experimental errors, we do not observe any vanishing coincidence rates (see Table I ). There are two ways to deal with this. The first is to consider the inequality N (β, −β
where N is the coincidence rate of each measurement [34] . We find the left-hand-side to be 420 ± 60 and thus satisfy the inequality to within seven standard deviations. However, this inequality is susceptible to systematic errors since N (β, −β ⊥ ) grows faster than the sum of the three other terms as γ decreases and the input states are fixed. A second more convincing approach is to ask, given the measurement statistics in Table I , what can Alice infer about N (α, −α ⊥ ) had she not measured that quantity [18] ? She finds that
03, instead of the ideal probability of one, as discussed earlier.
.737 ± 0.03. Then she would expect to measure a rate of N (α, −α ⊥ ) = (0.822)(0.737)N (β, −β ⊥ ) = 1202 ± 71, which roughly six standard deviations larger than what she actually measures, 727. Alice concludes that the measurement device concealed by the black box introduces correlations which cannot be described by her model. These non-classical correlations arise due to the entangling nature of the measurement.
IV. CONCLUSIONS
In summary, we proposed a straightforward way of projecting two polarized photons onto any state. Our scheme has an efficiency of at least 50% which far exceeds that of any scheme based on a probabilistic CNOT gate (11%) [6] . We performed an experimental demonstration and reconstructed the operator describing our measurement using detector tomography. Finally, we flipped the usual role of measurement and state in Hardy's test and verified the entangling nature of our measurement.
We anticipate that our scheme will find applications in quantum metrology and quantum information. In single-parameter estimation problems, entangling measurements cannot in general extract more information about that parameter than separable measurements [35] . However, in multi-parameter problems such as state estimation [14] or certain phase estimation scenarios [36] , our scheme could be used to implement the partiallyor maximally-entangling projectors that optimize the amount of information extracted. Although limited to two qubits, such a measurement would be of foundational importance in quantum information as it saturates a fun-damental limit in the amount of information that can be extracted from quantum systems. Finally, our scheme can also be used prepare any two-photon polarization state, uniquely without modifying the photon source, unlike in Ref. [37] .
where the matrix is written in the same notation as the main text. The matrix can be written as the outer product η |ψ ψ | where |ψ = ( The unitaries U a and U b are found by solving the equations U a |ζ = |H and U b |θ = |V , respectively. Since the right-hand-side of both equations is a linearly polarized state, each unitary can be accomplished with a quarter-wave plate and half-wave plate [38] . The final step to relate |ψ to |ψ is to set the transmission coefficients of the VPPBS to t H /(t 1/2 = λ 2 . Since we assumed that λ 1 and λ 2 are real, any relative phase δ between t H and t V should be compensated for using a birefringent element.
